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Abstract
We present a solution of M(atrix) theory describing type IIA fundamental
string. Our construction is based on the central charge of the longitudinal mem-
brane (= fundamental string), the BPS saturation condition and the relation be-
tween M(atrix) theory and supersymmetric Yang-Mills theory. The fundamental
string corresponds to a photon in supersymmetric Yang-Mills theory.
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1 Introduction
Recently Banks, Fischler, Shenker and Susskind [1] proposed M(atrix) model as a nonper-
turbative unied description of M-theory [2] and all the string theories. They claimed that
the large N limit of a supersymmetric matrix quantum mechanics describing N D-particles is
equivalent to M-theory. To conrm this conjecture, many nontrivial consistency checks were
carried out to attain desirable results. For example, it was shown [1] that the D2-brane ten-
sion and the long range force between moving D-particles coincide with the values expected
from supergravity arguments. Similar checks were also done in [3, 4]. Other even dimensional
objects, such as D4 and D6-brane, were also constructed, and the potentials between them
were calculated to agree with string theory expectations[5].
It is believed that in eleven dimensional supergravity there are two dimensional object (M2-
brane) and ve dimensional one (M5-brane), which are coupled to the three-form eld Aγ
and its dual eld eA1:::6 , respectively. These objects correspond to D-objects, fundamental
string and NS5-brane in type IIA string theory. The consistency of the correspondence was
analyzed in detail in [6]. Among these objects, D0, 2, 4-branes have been constructed in
M(atrix) theory [1, 7]. If M(atrix) theory describes all the states of M-theory as expected,
fundamental string (longitudinal membrane) and NS5-brane (transverse M5-brane) must also
be constructed in M(atrix) formulation.
As for transverse M5-brane, Banks et al. [7] analyzed the supersymmetry algebra in
M(atrix) theory and found that the central charge of transverse M5-brane is missing from the
algebra. This might imply the impossibility of constructing transverse M5-brane in M(atrix)
theory. On the other hand, longitudinal M2-brane charge exists in the M(atrix) theory super-
symmetry algebra [7] and it is constructed from variables Xa and . This fact strongly suggests
the existence of longitudinal M2-brane (fundamental string) solution of M(atrix) theory.
In [1], it was claimed that if we compactify one of the transverse directions and T-dualize
the theory along that direction, a string world sheet action is obtained, which they identied as
that of type IIA fundamental string. Because the one dimensional object which is obtained by
T-dualization of M(atrix) theory is not a fundamental string but a D-string, we need further
S-dualization to identify it with the fundamental string. In the theory thus obtained by T-
plus S-dualizations of M(atrix) theory, all kinds of extended objects are described in terms of
two dimensional SN orbifold sigma-model [8, 9, 10]. The fundamental string in this theory is
in fact a string in the S-dualized world.
The purpose of this paper is to construct the solution describing the fundamental string in
non-S-dualized M(atrix) theory, which has not been given yet. To get the solution, we study
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the expression of the string central charge in M(atrix) theory supersymmetry algebra[7] and
use the BPS saturation condition. It is found that the fundamental string corresponds to the
\photon" in supersymmetric Yang-Mills theory (SYM).
We shall present a few formulas used in later sections. In the M-theory context, ten
dimensional type IIA theory with coupling gstr is equivalent to eleven dimensional supergravity





where ls is the string length scale (we shall adopt the convention ls = 1 hereafter). Another











2 Central charges of branes
Ten dimensional SYM theory has 16 supersymmetry transformation parameters . In addition
to them, 16 trivial fermionic symmetries  = e exist. The idea of M(atrix) theory is to regard













as a superspace representation of the eleven dimensional supersymmetry transformations [1].
















e eQ = 1p
R
Tr (e) : (5)
If we omit the second term on the RHS of eq. (4), these supercharges reproduce eleven di-
mensional ordinary (= no central charge) supersymmetry algebra. The omitted term can be
regarded as contributions from objects carrying the central charges.
Banks et al.[7] obtained the expressions of central charges of extended objects except the
one for transverse N5-brane by calculating the anti-commutation relations of supercharges.
Their result is
Zb = −iRTr fPa; [Xa; Xb]g − iRTr [





Zabcd = RTrX[aXbXcXd]: (8)
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These are the central charges of longitudinal membrane, transverse membrane and longitudinal
5-brane, respectively. Their R-dependence is consistent with the fact that the corresponding
brane is longitudinal or transverse. To be precise, we have to compactify the transverse
directions in order for these central charges to be well-dened.
Let us pay attention to the one brane charge Za related to longitudinal M2-brane. In
the type IIA picture, it is the wrapping number of fundamental string. If a BPS saturated
solution with nonzero Za exists, its energy is equal to jZaj. Thus the following equation holds
(neglecting the fermionic part):
H =
 2RTr (Pa; [Xa; Xb]) = 2 Tr  _Xa; [Xa; Xb] ; (9)
where we have adopted the eleven dimensional supergravity metric. Translating eq. (9) to
the string metric by using eq.(2) and rescaling the variables as Xa ! g
−1=3
str Xa, t ! g
−1=3
str t,




Tr  _Xa; [Xa; Xb] : (10)
3 Relation to Supersymmetric Yang-Mills theory
In [11, 12] it was shown that M(atrix) theory compactied on a torus T p with radius Ra
(1  a  p) is equivalent to p + 1 dimensional SYM theory on the dual torus eT p with
radius eRa = 1=Ra via T-duality transformation. A D-particle in IIA theory is translated to
background p-brane wrapped around eT p, and the variable Xa to U(N) gauge eld Aa.
Compactication means that Xa and Xa + 2Ra are the same point, and this fact is
translated to that Aa and Aa + 1= eRa are gauge equivalent by a large gauge transformation
exp(ixa= eRa). Thus a relation between Xa and Aa is
Xa = 2ra  2 (@a +Aa) : (11)
Therefore, the membrane wrapping number [Xa; Xb] and the velocity _Xa in M(atrix) theory
correspond to the magnetic flux (2)2Bab = [2ra; 2rb] and the electric flux 2Ea = 2 _Aa
in SYM, respectively. The relation between the coupling constants gstr and gYM can be derived







where V is the volume of the dual torus eT p.
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4 Fundamental string solution
Since the following argument does not depend essentially on p, we shall consider the most










Tr (E  B): (13)
In deriving this equation, we have used the expression of the central charge (6) and the BPS
saturation condition H = jZaj.
On the other hand, if we regard a conguration carrying nonzero Za as a string, its energy
is given as a product of string tension 1=2 and the circumference 2R3,
H = R3 =
1eR3 : (14)
(We assume that the winding is along the 3rd direction, which implies that Z3 6= 0. In the
M-theory view point, we are considering the M2-brane extended in the longitudinal and 3rd
directions.) Combining eqs. (13) and (14), we obtain the key equation which the fundamental






Tr (E B): (15)
This equation is interpreted as follows. The LHS is one unit of Kaluza-Klein momentum
and the RHS is the Poynting vector of Yang-Mills eld. Therefore, eq. (15) tells us that
the conguration corresponding to fundamental string wrapped around the 3rd direction is a
plane wave of one photon moving along the 3rd direction. To be precise, unless the number of
photons is suciently large, it is impossible to determine the eld strength (E and B) and the
photon momentum simultaneously owing to the uncertainty principle. Here we shall ignore
this problem and consider a classical plane wave with Poynting vector 1= eR3. Field strength
of such a plane wave is
E1 = B2 =
g
23=2
q eR1 eR2 eR3 sin
x3 − teR3 ; others = 0; (16)
and the corresponding vector potential is
A1 = a cos
x3 − teR3 ; a =
g
23=2
q eR1 eR2 ; A2 = A3 = 0: (17)
4
This result looks natural if we note that type IIA string theory and SYM theory are T-dual
with one another, and under this duality wrapped string in type IIA theory is transformed to
the momentum mode of the open string, i.e., photon on the D-brane.
Precisely speaking, Aa in eq. (17) should be regarded as being multiplied by a generator
of U(N). When the generator is (E+ij )mn = imjn + injm or (E
−
ij )mn = i(imjn − injm),
the solution represents a string stretched between D-particles i and j.
Since we have found the vector potential Aa representing the fundamental string, our next
task is to obtain the matrix representation Xa of the covariant derivative (11). Taking the













r1 (n1; n2; n3) =
n1
R1

















 (n1; n2; n3 − 1)
r2 (n1; n2; n3) =
n2
R2
 (n1; n2; n3)
r3 (n1; n2; n3) =
n3
R3
 (n1; n2; n3) : (18)
The (na=Ra) terms on the RHS of these equations exist even in the case where photon
is absent. They correspond to background D3-brane (or D-particle before T-dualization).












The oscillation in time is due to the energy of the photon.
The correspondence between fluctuations of non-diagonal part of Xa and an open string
stretched between two D-particles is a fundamental concept in M(atrix) theory. So far this
non-diagonal part has been treated only as a virtual string which contributes to a potential
between D-objects. We emphasize that our solution (19) represents not the virtual string but
the static real BPS string.
5 Conclusion
In this paper we have obtained a solution of M(atrix) theory corresponding to fundamental
string. It is given as an oscillation mode of non-diagonal part of matrices Xa, eq. (19), and
represents a static BPS string.
There are a number of questions to be claried. For example, we do not know how to
reproduce the following three in M(atrix) theory:
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 Innite tower of massive modes of string.
 Non-wrapping closed string, in particular, graviton.
 Winding BPS states of closed string.
We shall comment on the third. If a solution representing the winding closed string (B in
Fig. 1) exists, it must satisfy eq. (15) like the open string states we have discussed (A in
Fig. 1). However, every element Xmn corresponds to the string stretched between D-particles.
So within our framework there is no way to describe winding closed strings which are not
connected to D-particles. Two types of states (A and B in Fig. 1) have the same energy, and
transition between them must exist to obey unitarity, so that the winding closed string state
should also exist in the theory.
A B
Figure 1: An open string (A) pinned to a D-particle (blob) and a winding closed string (B).
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